Abstract: We present a systematic method to synthesize a decentralized coherent quantum robust H ∞ controller for a class of large-scale linear complex quantum stochastic systems with norm-bounded structured uncertainties. The H ∞ control objective is to obtain a closed loop uncertain quantum system, which is strict bounded real with a specified disturbance attenuation level. The solution to this quantum control problem involves stabilizing solutions to parameterized complex Riccati equations.
INTRODUCTION
Applying a non-decentralized coherent quantum controller to a large-scale quantum system may require expensive computation and implementation. This concern has motivated Harno and Petersen (2010) to propose a method to construct a decentralized coherent quantum robust H ∞ controller for a class of large-scale linear complex quantum stochastic systems with structured uncertainties. Here, the dynamics of a quantum system is determined only by annihilation operators and represented in terms of linear quantum stochastic differential equations (QSDEs); e.g., see Maalouf and Petersen (2009) . However, the method in Harno and Petersen (2010) does not always lead to a stable and strict bounded real decentralized quantum robust H ∞ controller, which may not be physically realizable.
In this paper, we propose a new method to synthesize a stable and strict bounded real decentralized coherent quantum robust H ∞ controller, which is always physically realizable, for the same class of quantum systems as in Harno and Petersen (2010) . There are two main ideas underlying our approach. First, we do not treat interconnections between quantum subsystems as uncertainties, but rather the neglected off-diagonal parts of the transfer function matrix of the non-decentralized quantum controller are treated as uncertainties. This allows the decentralized coherent quantum controller to exploit the interconnections, which are assumed to be known; e.g., see Harno and Petersen (2010) . Second, we introduce an additional ⋆ Research supported by the Australian Research Council (ARC) and Air Force Office of Scientific Research (AFOSR). This material is based on research sponsored by the Air Force Research Laboratory, under agreement number FA2386-09-1-4089. The U.S. Government is authorized to reproduce and distribute reprints for Governmental purposes notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or implied, of the Air Force Research Laboratory or the U.S. Government.
artificial uncertainty to guarantee that the decentralized quantum controller is stable and strict bounded real, and hence, is always physically realizable; see Petersen (2009b) . However, the additional uncertainty may introduce some conservatism to the quantum controller design process.
T and M † denote the operation of taking the complex conjugate of each entry of M , the transpose of M , and the complex conjugate transpose of M , respectively. That is, M * = [m 2. PROBLEM STATEMENT
Linear complex uncertain quantum system
We are concerned with a class of large-scale linear complex quantum stochastic systems with structured uncertainties, which are described in terms of QSDEs as follows:
where a(0) = a 0 ; a is an n × 1 vector of the plant annihilation operators; v is an n v × 1 vector of quantum noises; w is an n w × 1 vector of disturbance inputs; u is an n u × 1 vector of control inputs; ξ l is an n q l × 1 vector of uncertainty inputs (for l = 1, 2, . . . , k); ζ l is an n s l × 1 vector of uncertainty outputs (for l = 1, 2, . . . , k); z is an n z ×1 vector of controlled outputs; and y is an n y ×1 vector of 'measurement' outputs. All the coefficient matrices in (1) are complex matrices with compatible dimensions corresponding to the dimensions of the operators and signals in (1); see James et al. (2008) ; Nurdin et al. (2009); Maalouf and Petersen (2009) .
The disturbance input w(t) and the control input u(t) in (1) are represented respectively as follows:
where β w (t) and β u (t) are adapted processes; and dν(t) and dµ(t) are the noise parts of (2) and (3). Meanwhile, dv(t) represents an additional quantum noise in the plant. The quantum noises dv(t), dν(t) and dµ(t) have their Hermitian Ito matrices F v , F ν and F µ , and Hermitian commutation matrices T v , T ν and T µ as follows:
The l-th structured uncertainty in (1) is an unknown linear time-invariant complex quantum stochastic system:
with A l Hurwitz and transfer function matrix
which is required to satisfy
We assume that the large-scale quantum system (1) consists of p interconnected linear quantum subsystems. Thus, the output dy(t) and the decentralized control input dū(t) are also decomposed into p components as follows:
where dū j (t) is an n uj × 1 vector of control inputs, which is only dependent on the corresponding dy j (t) for j = 1, 2, . . . , p. Here, we do not make any assumption on the structure of F , G 2 and H 2 in (1). Thus, a decentralized quantum controller can be written as
wherec j (0) =c 0,j ;c j is an n × 1 vector of the annihilation operators, and w c0,j and w c1,j are non-commutative quantum Wiener processes. The Ito matrices and commutation matrices of w c0,j and w c1,j are respectively assumed to be
At time t = 0, it is also assumed that a(0) andã(0) commute withc j (0). Moreover, F cj is required to be Hurwitz and the decentralized quantum controller (9) has a transfer function matrix 
withc j (0) =c 0,j , is lossless bounded real (e.g., see Maalouf and Petersen (2009) ) when
for all j = 1, 2, . . . , p. Note that J 20,j , J 21,j , T vj and T νj are the j-th partition of J 20 , J 21 , T v and T ν , which follow the partition of dy(t) in (8 (9) is bounded real. Remark 1. The matrices G wc 1,j and H c1,j can be set to zero as the exogenous quantum noise dw c1,j is not needed to realize a decentralized quantum controller of the form (9). Also, the (strict) bounded real property of linear complex quantum systems can be found in Maalouf and Petersen (2009) .
Applying the decentralized quantum controller (9) to the large-scale uncertain quantum system (1), (7), we aim to achieve the following H ∞ control objective:
for some real constants ε, π 1 , π 2 > 0 with
The decentralized quantum controller (9) can also be considered as a special case of a non-decentralized quantum controller of the form
with a block-diagonal structure transfer function matrix
Here, c(0) = c 0 and F c is Hurwitz.
Suppose that the transfer function matrix T (s) of the non-decentralized quantum controller (16) is partitioned according to the partition of dy(t) and dū(t) in (8):
Then, the transfer function matrixT (s) of the decentralized quantum controller (9) can be formed by taking only the block-diagonal parts of T (s); see Petersen (2009a) .
As the off-diagonal blocks of T (s) are neglected, they are considered as additional uncertainties in the largescale uncertain quantum system (1), (7). Thus, additional uncertainty transfer function matrices can be defined as
Note that∆ j (s) (j = 1, 2, . . . , p) is stable because F c is Hurwitz. The j-th additional uncertainty input dξ j (t) is then defined as
whereĀ j = F c ,B j andC j are sub-matrices of G c and H c in (16), respectively, for j = 1, 2, . . . , p. Also, the additional uncertainty output dζ j (t) is defined as
Here, M j , N 20,j and N 21,j are sub-matrices of matrices H 2 , J 20 and J 21 , respectively, for j = 1, 2, . . . , p. Then, we can rewrite the decentralized control input dū(t) in (8) as
where
for j = 2, 3, . . . , p − 1. Note that n u = p j=1 n uj ;n uj = j d=1 n u d ; andñ uj = n u −n uj for j = 1, 2, . . . , p.
An equivalent uncertain linear quantum system
If we apply the decentralized control input dū(t) to the large-scale uncertain quantum system (1), (7), we will obtain the same closed loop system as if we apply the non-decentralized control input du(t) to the following equivalent uncertain linear quantum system:
together with dζ 1 (t), . . . , dζ p (t) as defined in (21). Moreover, for the j-th additional uncertainty∆ j (s) as given in (19), we define a constant β j > 0 so that
Applying the coherent quantum robust H ∞ controller (16) to the equivalent uncertain quantum system (24), (21), (7), (25), we aim to satisfy the following H ∞ control objective:
where ε, π 1 , π 2 > 0 are real constants and
Here,ā j (t) is a vector of the annihilation operators corresponding to the additional uncertainties defined in (20) for j = 1, 2, . . . , p.
MAIN RESULTS
The main idea of our approach is to introduce an additional uncertainty to form of an artificial uncertain quantum system. Using this system, we synthesize a physically realizable decentralized quantum H ∞ controller. This approach then provides only a sufficient condition such that any suitable quantum controller of the form (16) will lead to a strict bounded real closed loop uncertain quantum system with disturbance attenuation γ > 0 when applied to the equivalent uncertain quantum system (24), (21), (7), (25). Moreover, the same quantum controller must be stable and strict bounded real when applied to a particular open loop uncertain quantum system, while achieving the H ∞ control objective; see also Petersen (2009b) .
In order to apply this idea, we apply Lemma 2 in Harno and Petersen (2010) to the equivalent uncertain quantum system (24), (21), (7), (25). Thus, we introduce a set of scaling constants κ 1 > 0, . . . , κ k > 0 and α 1 > 0, . . . , α p > 0 corresponding to the structured uncertainties (7) and the additional uncertainties (25), respectively. Then, we can rewrite the QSDEs (24), (21) as follows:
where a(0) = a 0 ; dw(t) =β w (t)dt + dν(t);
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Note that J L 12,j := J 12 L j ; and Q L l,j := Q l L j for all l = 1, 2, . . . , k and j = 1, 2, . . . , p. As theJ 11 term appears in (28), we impose the following assumption to apply a loop shifting transformation to eliminate that term; e.g., see Zhou et al. (1996) . Assumption 1. Given constants κ 1 > 0, . . . , κ k > 0, α 1 > 0, . . . , α p > 0, β 1 > 0, . . . , β p > 0, the equivalent uncertain quantum system (24), (21), (7), (25) is assumed to be such thatJ 11J † 11 < I. Now, we can define
H 1 a dt +J 12 du ;
Thus, using (31), we can rewrite the QSDEs (28) as
Artificial uncertain quantum system
Before defining the artificial uncertain quantum system, we first need to construct a matrix K based on the quantum system (32) such that (F + G 2 K) is Hurwitz and the following uncertain quantum system
together with dζ 1 (t), . . . , dζ p (t) as defined in (21), is strict bounded real with disturbance attenuation γ > 0 while satisfying (7) and (25). The satisfaction of this requirement is dependent on the existence of a solution to a parameterized complex Riccati equation defined as follows: Let
. . , β p > 0 be given constants and consider the complex Riccati equation
. . , β p > 0, the equivalent uncertain quantum system (24), (21), (7), (25) is assumed to be such
. . , β p > 0 be given constants. Suppose that the equivalent uncertain quantum system (24), (21), (7), (25) is such that Assumption 1 and Assumption 2 are satisfied and the complex Riccati equation (36) has a stabilizing solution X ≥ 0. Then, there exists a matrix K such that the uncertain quantum system (34), (35), (7), (25) is strict bounded real with disturbance attenuation γ > 0. That is, (F + G 2 K) is Hurwitz and
Using the matrix K in (38) and introducing an additional uncertainty input dξ k+1 (t) and output dζ k+1 (t), we form an artificial uncertain quantum system as follows:
where dw(t) =β w (t)dt + dν(t);
J 21 I ;
for l = 1, 2, . . . , k and j = 1, 2, . . . , p. Note that R is any n r × n r non-singular scaling matrix, where n r = 2n u + n z + n y ; w 2 and z 2 have the same dimensions as those of y and u, respectively.
In (39), the uncertainty input dξ l (t) is related to the uncertainty output dζ l (t) according to (5) for l = 1, 2, . . . , k. Also, the additional uncertainty input dξ k+1 (t) is related to the additional uncertainty output dζ k+1 (t) as follows:
where ∆ k+1 ∈ R is an unknown real scalar uncertain parameter satisfying |∆ k+1 | ≤ 1. The H ∞ control objective for the artificial uncertain quantum system (39), (7), (25), (41) is as follows:
where ε, π 1 , π 2 > 0 are real constants. Moreover, we consider two special cases for ∆ k+1 to verify that any suitable coherent quantum H ∞ controller of the form (16) for the artificial uncertain quantum system (39), (7), (25), (41) is indeed stable and strict bounded real, and solves the original decentralized quantum control problem. Note that the use of the additional uncertainty may introduce some conservatism in the quantum controller design process. Case I: Using ∆ k+1 = 1, we have from (39) that
Special cases
where (7) and (25) are satisfied. Here, we recognize that the uncertain quantum system (43), (44), (7), (25) is the same as the uncertain quantum system (34), (35), (7), (25). Thus, the uncertain quantum system (43), (44), (7), (25) is strict bounded real with disturbance attenuation γ > 0 according to Lemma 2. We then infer from Fig. 1(a) and the H ∞ control objective (42) that the coherent quantum controller Σ c must be stable and strict bounded real.
Case II: It is straightforward to show that using ∆ k+1 = −1, we again obtain the equivalent uncertain quantum system (24), (21), (7), (25). Thus, if we can find a suitable coherent quantum H ∞ controller Σ c of the form (16) for the artificial uncertain quantum system (39), (7), (25), (41), then the same quantum controller Σ c is also suitable for the equivalent uncertain quantum system (24), (21), (7), (25) (corresponds to (Σ a , ∆(·)) in Fig. 1(b) ) such that the H ∞ control objective (26) is satisfied. This implies that the closed loop uncertain quantum system in Fig. 1(b) is strict bounded real with disturbance attenuation γ > 0.
From both special cases above, we conclude that if there exists a suitable quantum controller of the form (16) for the artificial uncertain quantum system (39), (7), (25), (41), then this quantum controller also achieves a strict bounded real closed loop system with disturbance attenuation γ > 0 when it is applied to the equivalent uncertain quantum system (24), (21), (7), (25). Moreover, this quantum controller itself must be stable and strict bounded real, and hence, is always physically realizable.
Strict bounded real quantum H ∞ controller
Using the results in Maalouf and Petersen (2009) and Harno and Petersen (2010) , we synthesize a quantum controller of the form (16) for the artificial uncertain quantum system (39), (7), (25), (41). We thus introduce scaling constants τ 1 > 0, . . . , τ k+1 > 0, δ 1 > 0, . . . , δ p > 0 so that we can rewrite the QSDEs (39) as follows:
where a(0) = a 0 ; dw(t) =β w (t) dt + dν(t);
The H ∞ control objective for the quantum system (45) is
that the spectral radius ρ(XŶ ) < 1. Furthermore, suppose that the coherent quantum H ∞ controller (16), (56) is such that the transfer function matrices in (19) satisfy the norm bounds in (25) and each corresponding decentralized quantum controller (9) is physically realizable. Then, the closed loop uncertain quantum system obtain by applying the decentralized coherent quantum controller (9) to the uncertain quantum system (1), (7) is strict bounded real with disturbance attenuation γ > 0.
ILLUSTRATIVE EXAMPLE
As an example, we consider a quantum optical system as shown in Fig. 2 , which consists of three interconnected subsystems with two control inputs as follows:
; dz 1 (t) dz 3 (t) = k 3 0 0 0 0 k 8 a 1 (t) a 2 (t) a 3 (t)
dt + 1 0 0 1 du 1 (t) du 3 (t) ; dy 1 (t) dy 3 (t) = k 2 0 0 0 0 k 7 a 1 (t) a 2 (t) a 3 (t) dt + 0 0 0 0 0 1 dv 1 (t) dv 2 (t) dv 3 (t)
where g 1 = k 1 +k 2 +k 3 , g 2 = k 4 +k 5 and g 3 = k 6 +k 7 +k 8 . The parameters in (57) are k 1 = 2.25; k 2 = 1.00; k 3 = 1.00; k 4 = 1.00; k 5 = 0.50; k 6 = 1.21; k 7 = 0.50; k 8 = 0.50.
Applying a differential evolution algorithm (e.g., see Price (2008) ), we obtain all design parameters as follows: γ = 0.9294; α 1 = 4966.6123; α 2 = 4.6037; τ 1 = 1.5146; δ 1 = 5.1056; δ 2 = 3.3892; β 1 = 0.0005; β 2 = 0.0063.
The parameters in (59) are used to construct a nondecentralized strict bounded real quantum H ∞ controller: 
The matrices G c and H c in (60) Therefore, {F c1 , G c1 , H c1 } and {F c2 , G c2 , H c2 } are strict bounded real and physically realizable.
CONCLUSIONS
We have presented a systematic method to construct a decentralized coherent quantum robust H ∞ controller for a class of linear complex quantum stochastic systems with structured uncertainties. Our method leads to a strict bounded real decentralized quantum H ∞ controller, which is always physically realizable. 
